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A method for designing processes that are inherently safer—with the primary focus on
disturbances having the potential for unbounded hazardous responses—is introduced. In cases
where safety is not threatened (as in isothermal fermentation reactors), but product quality can
rapidly degrade, this method provides designs that ensure high product quality (as in
pharmaceutical processes). Using game theory, the method accounts for the trade-offs in
profitability, controllability, safety and/or product quality, and flexibility. For nonlinear
processes that are hard to control; that is, have an unstable and/or nonminimum-phase steady
state, over a wide range of operating conditions, extended bifurcation diagrams are intro-
duced. When a steady state is nonminimum phase, the process may exhibit inverse response.
The steady states of processes are classified on the basis of instability and nonminimum-phase
behavior to segregate the operating regimes into distinct zones. Locally optimal designs, one
corresponding to each zone, are obtained first. These are compared with other locally optimal
designs at alternate operating conditions, and/or process reconfigurations, to obtain the
globally optimal design using game theory. Four indices—profitability, controllability, safety
and/or product quality, and flexibility—characterize the optimality of a design. A novel index
for safe operation and/or product quality at a steady state is formulated as a function of the
eigenvalues of the Jacobian of the process model and the Jacobian of the process zero
dynamics, providing a quantitative measure of instability and nonminimum-phase behavior.
The application of the proposed method to an isothermal, continuous stirred-tank reactor
(CSTR) with van der Vusse reactions, an exothermic CSTR, and an anaerobic fermentor with
substrate and product inhibition is presented. © 2005 American Institute of Chemical Engineers
AIChE J, 52: 228–246, 2006
Keywords: bifurcation analysis, nonminimum-phase behavior, game theory, multiobjec-
tive optimization, chemical reactors, fermentors, inherent safety

Introduction

Profitability, controllability, and flexibility are important ob-
jectives in the design of chemical processes.1,2 Trade-offs be-

tween these objectives have been the focus of designs that
account for controllability3-6 and designs in the face of uncer-
tainty.7-10 Focusing on controllability, Brengel and Seider3

proposed coordinated design and control optimizations using
nonlinear model predictive control (MPC) algorithms for a
fermentation process. Luyben and Floudas4 analyzed the inter-
action of design and control for a binary distillation column
using open-loop controllability measures. Subramanian and
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coworkers5 developed techniques for operability analysis of
CSTRs, which help designers consider control in the early
stages of design. Recently, Chawankul and coworkers6 dis-
cussed the integration of design and control for a distillation
column using internal model control (IMC). Turning to flexi-
bility, an index and algorithms for calculating operational flex-
ibility of chemical process designs were introduced by Swaney
and Grossmann.7,8 Morari9 discussed both flexibility and resil-
iency of process systems. Pistikopoulos and Grossmann10 in-
troduced optimal retrofit designs that improve process flexibil-
ity.10 Finally, Chacon-Mondragon and Himmelblau11 discussed
the integration of process flexibility with control in process
design.

In addition, tight safety requirements in hazardous chemical
operations and regulations in pharmaceutical processes have
forced designers to account for safety and/or product quality
during process design. Recently, the focus has been on inher-
ently safer process designs12,13 and on six-sigma methodology
for high-quality product designs.14,15 Kletz16 introduced the
term inherently safer design (ISD) and classified the strategies
to minimize risk into four categories: (1) inherent, (2) passive,
(3) active, and (4) procedural. The term inherent implies per-
manent properties of the strategies; that is, properties that
characterize all instances of the strategies. Examples of a few
inherent strategies are to:

(1) intensify or minimize the amount of hazardous material
present at any given time

(2) substitute less hazardous materials for more hazardous
ones

(3) attenuate or moderate such variables as the operating
pressure, temperature, and concentration

(4) simplify the plant to achieve processes that are easier to
operate and maintain, with fewer chances of malfunctions

(5) limit the effects of potential hazards.
In this work, a design is considered inherently safe with

respect to hazards arising from sizable disturbances when the
process responses do not deviate significantly from steady-state
operation, even when they increase exponentially. Herein,
ISDs result from strategies of types (3) and (4), with a focus on
instability hazards related to process control. These also help to
decrease the likelihood of safety incidents arising from other
hazards, such as toxicity, flammability, reactivity, and radio-
activity, of chemicals in the process.

To achieve greater profitability, process designs have been
created in regions involving complex nonlinearities where pro-
cess controllers continue to face stiff challenges. These involve
steady-state multiplicity, limit cycles, chaos, and parametric
sensitivity, which are manifestations of the nonlinearities. In
addition, many process designs have unstable and/or nonmini-
mum-phase steady states. In many cases, operation is more
profitable at an unstable steady state, or at a stable steady state
in the close proximity of an unstable steady state, often involv-
ing nonminimum-phase behavior (inverse response to typical
disturbances). For these types of processes, controller designs
have been more challenging,17-19 with increasing attention de-
voted to the control of processes that exhibit nonminimum-
phase behavior. In a recent paper, the concept of switchability
is introduced; that is, the ease of switching from one process at
a nonminimum-phase steady state to another, when high con-
trollability is more difficult to achieve.20 The switchability of
reactor–separator systems is explored, although bifurcation

analysis is not applied to identify instability over broad oper-
ating conditions. Furthermore, little attention has been devoted
to the modification of process designs to avoid nonminimum-
phase behavior, as well as to safety and/or product quality
measures. The latter are closely related to the magnitude of
positive eigenvalues associated with the process and its zero
dynamics. At smaller magnitudes, the rate of exponential
change in response to disturbances is low and thus the process
is inherently safer and/or the product quality deviates less
rapidly from its set point. Given the nonlinearities and para-
metric sensitivities of process designs, the incentives to achieve
designs that account for the trade-offs among profitability,
controllability, safety and/or product quality, and flexibility
measures are gaining importance.

To achieve this, a method is introduced herein that accounts
for these four measures. Inherently safer designs, having in-
creased product quality, are developed to replace designs that
exhibit unstable and/or nonminimum-phase behavior, such that
the same level of profitability is maintained, but the instability
and/or nonminimum-phase behavior are eliminated. The meth-
ods of bifurcation analysis are used to characterize the complex
nonlinearities and to examine the causes of steady-state mul-
tiplicity, nonminimum-phase behavior, input multiplicity, out-
put multiplicity, and isola formation. Solution diagrams are
divided into four zones, in extended bifurcation diagrams,
which identify the stability and minimum-phase character of
the steady states. An optimal design is obtained in each zone by
accounting for trade-offs in profitability, controllability, safety
and/or product quality, and flexibility. This is accomplished by
formulating an optimization problem for each zone.

The four objectives are compared in all of the zones, which
are obtained by changing the operating conditions, process
designs, and process configurations. Then, the globally optimal
design is obtained using game theory,21-23 which provides the
global optimum of this discrete multiobjective problem by
comparison of several designs with discrete objective function
values. It also allows the designer to alter the key criterion and
determine its impact on the globally optimal design. When the
safety and/or product quality measure is weighted more
heavily, inherently safer designs, having higher product qual-
ity, are achieved.

In the nonlinear analysis of chemical and biochemical reac-
tors, singularity theory has been used effectively to character-
ize regions in parameter space over which many kinds of
solution diagrams exist.24 The multiobjective optimization
method using game theory, introduced herein, permits the
designer to characterize zones in the parameter space with
simple measures of profitability, controllability, safety and/or
product quality, and flexibility. Then, these measures are used
to focus on one objective, such as safety and/or product quality,
with emphasis on one or more of the other objectives. Like
singularity theory, this analysis divides the parameter space
into operating regimes (zones) that are well represented in the
multiobjective optimization.

This article is organized as follows. Initially, the focus is on
the strategy of zone segregation. This is followed by a descrip-
tion of the optimization method for obtaining both the locally
and the globally optimal designs. Then, the proposed method is
demonstrated for an isothermal CSTR involving the van der
Vusse reactions, an exothermic CSTR, and an anaerobic fer-
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mentor having substrate and product inhibition. Finally, con-
clusions are presented.

Strategy of Zone Segregation

When designing processes that can exhibit instability and/or
nonminimum-phase behavior over a wide range of operating
conditions, it is an objective to seek stable and/or minimum-
phase designs having comparable profitability levels, if possi-
ble. Unstable designs are those that have an unstable steady
state; that is, a right-half plane (RHP) eigenvalue of the process
Jacobian evaluated at the steady state. Nonminimum-phase
behavior is observed when a zero of the process transfer
function lies in the RHP. Finite zeros of a process are calcu-
lated from the zero dynamics of the process.25-27 They are the
eigenvalues of the Jacobian of the process zero dynamics.
Clearly, instability and nonminimum-phase behavior, individ-
ually or combined, limit the degree of achievable control
quality; they have an adverse effect on the safety and/or prod-
uct quality of process designs. Thus, a quantitative index is
formulated as a function of the eigenvalues to represent the
safety and/or product quality characteristics.

Bifurcation diagrams and singularity theory are used exten-
sively to study nonlinear chemical, biochemical, and polymer
processes.24,28-31 Also, bifurcation analysis of nonlinear sys-
tems under conventional PID (proportional-integral-derivative)
control32 and input–output linearizing feedback control33 is
used to examine performance as a function of controller tuning
parameters. Although designs at maximum product concentra-
tion appear on most bifurcation diagrams of nonlinear systems,
measures of their profitability, controllability, safety and/or
product quality, and flexibility are not identified explicitly.
Because bifurcation diagrams are compact, relative to the re-
sults of dynamic simulations, extensions to represent these
measures are helpful and are introduced next.

Extended bifurcation diagram

In the extended bifurcation diagram (EBD) introduced
herein, the operating regimes are characterized by the stability
and minimum-phase behavior of their steady states. For a
particular set of operating conditions, an open-loop process is
in one of four zones as the primary bifurcation parameter
varies. Table 1 classifies the four zones in terms of stability and
minimum-phase behavior. Zone I corresponds to stable, mini-
mum-phase operation; zone II, stable, nonminimum-phase op-
eration; zone III, unstable, minimum-phase operation; and zone

IV, unstable, nonminimum-phase operation. Note that the in-
herent safety and/or product quality of the designs decrease in
the transitions from zones I to IV. Inherent safety and/or
product quality are measured in terms of the eigenvalues of the
process and its zero dynamics (as defined later in Eq. 7), for
which it is assumed that operation in zones with instability and
nonminimum-phase behavior gives lower product quality (with
more off-specification product) than operation in zones having
stable and minimum-phase behavior. Also, this zone classifi-
cation can be extended to include periodic solution branches,
although this is not addressed herein.

In the optimization method presented in the following sec-
tions, alternative designs are explored that shift the operating
zones toward those having inherently safer and/or higher prod-
uct quality operations. The elimination or reduction of insta-
bility and nonminimum-phase behavior is achieved through
changes in the operating conditions, as well as through process
redesigns and reconfigurations. At first, process operation
changes, such as inlet changes involving feed concentrations
and/or cooling water temperatures, are considered. When in-
sufficient to achieve the desired zone, process redesign is
attempted, involving such actions as changing the reactor vol-
ume and heat-transfer area. Finally, process reconfiguration is
used such as by adding or removing recycle streams and
placing reactors in parallel or series, with or without recycle.
These configurations are selected to give robust performance in
the presence of uncertainty and variability in the process and
kinetic parameters.

Example: isothermal CSTR with van der Vusse
reactions

Consider an isothermal CSTR with the van der Vusse reac-
tions (A 3 B 3 C and 2A 3 D, where B is the desired
product).34 The mole balances for species A and B lead to

dCA

dt
� �k1CA � k3CA

2 �
F

V
�CAf � CA� (1)

dCB

dt
� k1CA � k2CB �

F

V
CB (2)

Their dedimensionalized forms are

dx1

d�
� Da�1 � x1� � � Da�1 � x1�

2 �
x1

Vd
(3)

dx2

d�
� Da�1 � x1� � � Da x2 �

x2

Vd
(4)

Table 1. Zone Matrix: Classification of Process Dynamics

Minimum Phase (MP) Nonminimum Phase (NMP)

Stable (S) Zone I (S-MP) Zone II (S-NMP)
Unstable (US) Zone III (US-MP) Zone IV (US-NMP)

Table 2. Dimensionless Parameters of the Isothermal CSTR with van der Vusse Reactions

x1 �
CAf � CA

CAf
x2 �

CB

CAf
Da � k1

Vo

F
� �

t

Vo/F

Vd �
V

Vo
� �

k2

k1
� 2 � �

k3CAf

k1

k1 � 0.0138 s�1 (0.833 min�1)

k2 � 0.0278 s�1 (1.667 min�1) k3 � 10.02 m s�1 kmol�1 (0.167 L min�1 mol�1) Vo � 10 m3 CAf � 10 kmol/m3
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where the parameters and dimensionless variables are defined
in Table 2. The controlled variable, x2, is the dimensionless
concentration of B (CB/CAf), and the zero dynamics equation is

�̇1 �
ysp1�1 � �1�

�1 � �1 � �ysp1�Vd
�1 � ��1 � �1�� �

�1

Vd
(5)

Figure 1a shows the steady-state dimensionless concentra-
tion of the desired product (x2) as a function of Damköhler
number (Da). Bifurcation analysis reveals that all of the steady
states of the process are stable. However, as seen in Figures 1a
and 1b, the real part of the eigenvalue of the process zero
dynamics changes from negative to positive, corresponding to
a change from minimum- to nonminimum-phase behavior, as
Da increases. When the nonminimum-phase behavior is ig-
nored, the reactor design at two Da values provides the same
concentration of the desired product. The significance of the
nonminimum-phase behavior on the profitability, controllabil-
ity, safety and/or product quality, and flexibility, and in turn the
globally optimal design is considered in the next sections.

Method of Design Optimization

In this section, local optimization in each zone is discussed
before game theory is introduced for global optimization.

Local design optimization

First, quantitative indices corresponding to the four objec-
tives are defined. Then, the zones are defined and the approach
to determining the locally optimal design in each zone, as a
function of the process parameters and operating conditions, is
discussed.

Quantitative indices

The performance of a design within a zone is measured by
four quantitative indices for profitability, controllability, safety
and/or product quality, and flexibility, as defined below:

Profitability Index (PI). In the early stages of design, it is
sufficient to use the venture profit:

Venture profit � �1 � t��S � C� � i � CTCI (6)

where t is the total income tax rate (federal plus state), S is the
annual sales, C is the annual cost of manufacture, i is the
effective annual interest rate, and CTCI is the total capital
investment.35

Controllability Index (CI). Again, in the early stages of
design, a rough measure of controllability is sufficient. Here,
the condition number (ratio of the largest to smallest eigenval-
ues) of the dimensionless process steady-state gain matrix
(Jacobian) is used.4 Note that a measure of the “closed-loop”
controllability cannot be calculated early in process design
because the controllers have not been designed.

Safety and/or Product Quality Index (S/Q). The S/Q index
is introduced herein as

S/Q � w � Re�RHP 	process� � Re�RHP 	zero dynamics� (7)

where Re{RHP 	process} is the sum of the real parts of the
right-half plane (RHP) eigenvalues of the process Jacobian and
Re{RHP 	zero dynamics} is sum of the real parts of the RHP
eigenvalues of the zero dynamics Jacobian; w is the weighting
factor, herein assumed to be 2, thereby doubling the weight of
the process eigenvalues compared with the zero dynamics
eigenvalues. Clearly, as the magnitude of the eigenvalues in the
RHP increases, it becomes more difficult to achieve inherently
safe operation and/or high product quality.

Note that the condition number is just one formulation for
the controllability index. This and other controllability mea-
sures are not suitable measures of the inherent safety of a
process because they do not account for the sign of the eigen-
values in the process. For this reason, it is important to define
the S/Q index and to weight it significantly in multiobjective
design optimization, which also considers a controllability in-
dex, as described in the section on global design optimization.

Flexibility Index (FI). FI is a measure of the distance of a
design from the bounds on the bifurcation parameter in a zone;
that is, FI increases as it becomes more difficult to shift to
another zone in the face of parametric uncertainty. FI will be
defined by Eq. 8, in the subsection on zone-specific optimal
designs, after the zones are defined in the subsection on zone
classification.

Figure 1. x2 and the eigenvalue of the zero-dynamics Jacobian for the CSTR with the van der Vusse reactions as a
function of Da.
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Algorithm

Figure 2 shows the steps in the local optimization of a
process design. These are described next:

Nonlinear Analysis. The AUTO software36 is used to per-
form nonlinear (bifurcation) analysis for a process model to
obtain the steady-state and periodic solution branches as the
primary bifurcation parameter varies. The eigenvalues of the
Jacobian of the process along the solution branches are com-
puted.

Zero Dynamics Analysis. The algorithm to obtain the zero
dynamics of a process is provided elsewhere.25-27 It is imple-
mented herein using geometric control software37 developed
with Mathematica. Given a process model, the software derives
an analytical model–based controller for the process. The
eigenvalues of the Jacobian of the zero dynamics equations are
obtained using this software. When these eigenvalues are pos-
itive, the steady state has nonminimum-phase behavior.

Zone Classification. The real parts of the eigenvalues of
the Jacobians of the process and zero dynamics identify the
zone for every design on the solution diagram; that is, each
design is classified in one of the four zones in Table 1. This
gives the extended bifurcation diagram (EBD), with the num-
ber of zones for a particular process model identified. For
example, Figure 3a shows a sketch of a steady-state solution
branch (A–B–C–D–E) of xc, a process variable of a typical
nonlinear system, as a function of Da. Note that designs on
branch A–B–C have stable steady states and those on branch
C–D–E have unstable steady states. Furthermore, the designs
on branch A–B–C are subclassified into zone I (stable, mini-
mum phase: branch A–B) and zone II (stable, nonminimum
phase: branch B-C) using the eigenvalues of the zero dynamics
equations. Similarly, branch C–D–E is subclassified into zone
III (unstable, minimum phase: branch C–D) and zone IV (un-
stable, nonminimum phase: branch D—E). Note also that often
zones of the same type appear more than once, with any EBD
branch having at least one of the four zones.

Zone-Specific Optimal Designs. Initially, the feasible re-
gions for each zone are modified given the operating con-
straints associated with the process. For example, as shown in
Figure 3b, when the inequality constraint, xc 
 b, applies, the
bounds on the primary bifurcation parameter are adjusted for
each zone. Branches AF–B, B–CF1, CF2–D, and D–EF are the
feasible regions for zones I–IV, respectively. The branch
CF1–C of zone II and C–CF2 of zone III are not in the feasible
region. Thus, only the branches B–CF1 and CF2–D are searched
to find the locally optimal designs in zones II and III, respec-

tively. Note that bounding constraints, such as bounds on the
inlet and coolant flow rates, and reactor volume, appear in the
three case studies. For general inequality constraints, involving
multiple process variables, designs computed by AUTO are
removed from a zone when one or more constraints are vio-
lated.

Next, the designs (points on a solution branch computed by
AUTO) are examined. Note that the number of designs in each
zone depends on the step length (h) of the primary bifurcation
parameter. The designs computed by AUTO are shown sche-
matically for zone i in Figure 4a, where the primary bifurcation
parameter, Da, is bounded by Dali

and Daui
, with xc � b

defining Dali
. The solid circles denote designs computed by

AUTO, with designs k and k 	 1 surrounding the midpoint of

Figure 2. Local design optimization.

Figure 3. Zone classification.
(a) Without constraints; (b) With a lower-bound constraint.
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the zone. Note also that the dependent variable(s), xc, varies
nearly linearly within a zone, in the absence of turning points.

Having defined feasible zones, before proceeding, the flex-
ibility index, FI, is defined as

FI �
FIR � FIL

2
� �FIR � FIL� (8)

where the RHS flexibility of a design, FIR, is the absolute value
of the difference between the upper bound and the design value
of the primary bifurcation parameter in the zone. Similarly, the
LHS flexibility, FIL, is defined as the absolute value of the
difference between the lower bound and the design value. The
first term is half the width of a zone; that is, the maximum
flexibility when a design is at the midpoint of the zone [(Dali

	 Daui
)/2]. The second term penalizes the flexibility index as

a design moves from the center point. Thus, in a zone, FI is
maximized for design k, computed by AUTO, closest to the
midpoint, as shown schematically in Figure 4b. Note that FI
differs from the flexibility index defined by Grossmann and
coworkers,7,8 which is advantageous for multidimensional,

closed, feasible spaces. FI in Eq. 8 is sufficient for solution
branches within a zone (in the absence of singular points).

Because the gradients of FI exceed those of the other indices
in each zone, the locally optimal design in zone i is selected
where FI is maximized; that is, the design at which � FIL �
FIR � is minimized. This corresponds to design k in Figure 4b,
denoted by LOi, which is located closest to the middle of the
zone. In the face of design uncertainties, these designs (LOi)
are less likely to shift from their current zone to other zones,
where the shift is accompanied by significant changes in the
four indices (PI, CI, S/Q, and FI).

It is also possible to formulate a nonlinear program involving
a weighted-sum objective function,38 involving the four indi-
ces, with FI weighted more heavily, and resulting in a similar
locally optimal design. However, considering that gradients in
FI greatly exceed those for the other three indices, it is suffi-
cient to maximize FI in zone i. In our experience, within each
zone, the variations in PI, CI, and S/Q are small and, thus, it is
sufficient to select the design having the maximum FI. This
design usually does not have the maximum venture profit, but
it is inherently safer and/or exhibits higher product quality; that
is, the frequencies of accidents and off-specification products
are reduced. The locally optimal design for zone j is repre-
sented as the set {PILOj

, CILOj
, S/QLOj

, FILOj
}. Note that only

FI is used to obtain the locally optimal design in zone j;
however, all four indices are used to calculate the globally
optimal design.

In summary, as discussed in the section on strategy of zone
segregation, alternative designs that shift the operating zones
toward operations having inherently safer and/or higher prod-
uct quality are explored through: (1) process operation
changes, (2) process redesigns, and/or (3) process reconfigu-
rations. Then, for each zone, an optimal design, with its four
indices, is computed. Given the local optima for all possible
zones, LO1, LO2, . . . , LOn, and associated indices, the global
optimum is determined, as described next.

Global Design Optimization

Having determined an optimal design for each zone, with
four index values, location of the global optimum requires
compromises that can be implemented using game theory. The
latter is a multiobjective optimization technique in which mul-
tiple discrete objective functions, with varying magnitudes, are
compared for competitive designs.

Game theory formulation

Game theory21-23 is a branch of mathematical analysis used
to study decision making in conflicting situations. It involves
the prediction of outcomes for a group of interacting players,
where the action of a single player directly affects the payoffs
of the other players. In this section, game theory is applied for
multiobjective process design.

The elements of a game are: (1) several players, (2) actions/
strategies, and (3) payoffs (objective functions), which for
multiobjective process design, are:

● Players: (1) profitability, (2) controllability, (3) safety
and/or product quality, and (4) flexibility.

● Actions/Strategies: assigned to each player involving op-
erating zones and process parameters—these are simply the
parameter moves among the feasible operating zones.

Figure 4. (a) A typical feasible zone; (b) FI in the feasible
zone.

AIChE Journal 233January 2006 Vol. 52, No. 1



● Payoff consequences: quantitative index measures formu-
lated for each player.

The complete game matrix (table) to obtain the globally
optimal zone, in terms of the players, their actions/strategies,
and objectives, is shown in Table 3. Herein, actions/strategies
for the player profitability are moves among the four operating
zones as a function of the primary bifurcation parameter, Da,
and the payoff (objective function); that is, the profitability
index (venture profit), PI. In this case, the goal is to maximize
the venture profit. Actions/strategies for the player controlla-
bility move the manipulated variables from zone-to-zone and
the payoff is the controllability index (condition number), CI,
which is minimized. Actions/strategies for the player safety
and/or product quality are design variations to reduce the
impact of instability and nonminimum-phase behavior (such as
introduction or removal of recycle, adjustments between par-
allel and series configurations, etc.) and the payoff is measured
as the safety and/or product quality index (in terms of the RHP
eigenvalues of the Jacobians of the process and of the zero
dynamics), with the goal to minimize the S/Q index. Actions/
strategies for the player flexibility adjust the process parame-
ters, accounting for uncertainty in the process, and the payoff is
the flexibility index, FI, with the goal to maximize FI.

Thus, the problem of obtaining inherently safe and/or high
product quality designs is formulated as a multiplayer, normal-
form (represented in table form as opposed to tree form),
simultaneous-move (all players make a move at the same time
as opposed to sequential moves where each player observes the
actions/strategies of the other players before making a move),
noncooperative [each player tries to optimize its objective
function (payoff) ignoring the objective functions of the other
players] game. As introduced in Appendix A, techniques to
implement game theory,21-23 that is, to find the equilibrium of
a game (the globally optimal design), are: (1) equilibrium in
dominant actions, (2) pure-strategy Nash equilibrium, and (3)
mixed-strategy Nash equilibrium. These are used to obtain
inherently safer and/or higher product quality designs, which
account for the trade-offs among profitability, controllability,
safety and/or product quality, and flexibility. For example,
when a single locally optimal design dominates all other locally
optimal designs (that is, where each player has a dominant
strategy and the corresponding payoffs are maximized regard-
less of the actions/strategies of the other players), the globally
optimal design is obtained using the equilibrium in dominant
actions technique. When two or more locally optimal designs
are equally preferred (that is, where not all players have a
dominant strategy), pure-strategy Nash equilibrium is used.
Finally, when equilibrium in dominant actions and pure-strat-

egy Nash equilibrium are insufficient, mixed-strategy Nash
equilibrium is used, with probabilities assigned to the locally
optimal designs, and those having higher probabilities identi-
fied as globally optimal designs. GAMBIT,39 software for
game theory, is used herein to obtain globally optimal designs,
given locally optimal designs for each zone. The details of its
implementation are explained using three case studies in the
next section.

The equilibrium in dominant action technique indicates the
existence of a global solution. However, in the case of pure-
strategy Nash equilibrium and mixed-strategy Nash equilib-
rium, there is more than one potential global solution. Depend-
ing on the decision maker’s preference, additional criteria lead
to a single globally optimal design, as needed. Like other
multiobjective optimization algorithms, game theory can lead
to poor solutions for multidimensional problems and may fail
to identify a pareto-optimal solution, if one exists. However,
the main advantage of using game theory in process design is
the ease in visualizing the four indices in each zone, enabling
the designer to emphasize any one (or more) of the indices,
leading to different globally optimal solutions. Note that alter-
native MINLP (mixed-integer nonlinear programming) formu-
lations to identify the globally optimal zone involve difficulties
in: (1) calculating the S/Q index in GAMS and (2) formulating
comparisons of designs obtained through process redesign and
reconfiguration. The latter comparisons are easily formulated
using game theory.

Case Studies

Figure 5 identifies the zones for the three reactors examined
herein. For the isothermal CSTR with the van der Vusse
reactions, zones I and II are observed as the primary bifurcation
parameter, Da, is varied. For the CSTR with the exothermic
reactions, A 3 B 3 C, zones I, II, and III are exhibited as a
function of the dimensionless feed flow rate. Furthermore,
when a recycle stream is added, using the same model, zones
II and IV are observed. Finally, for an anaerobic fermentor with
a continuous culture of Klebsiella pneumoniae, having both
product and substrate inhibition, all four zones are exhibited as
a function of the dimensionless substrate feed concentration.
Note that both the number and the complexity of the zones
increase with process complexities and nonlinearities. Next,
consider determining globally optimal designs, with a focus on
inherent safety and product quality for the second case study
and high product quality for the first and third case studies.
Appendix B provides an algorithm to summarize the different
steps involved in obtaining a global-optimal solution using the

Table 3. Game Matrix: Description of Elements of the Game

Players
(I) (II) (III) (IV)

Profitability Controllability Safety and/or Product Quality Flexibility

Actions/strategies Shift in operating zones
(Classified as a
function of the
primary bifurcation
parameter)

Adjust the manipulated
variables

Redesign process
Reconfigure process

Accommodate disturbance variables
and/or uncertain parameters

Payoffs
(Objective
function)

Maximize venture profit
(Profitability index)

Minimize dimensionless
condition number
(Controllability
index)

Minimize RHP eigenvalues of
the Jacobians of process and
its zero dynamics (S/Q
index)

Minimize the extent of zone change
due to uncertainty (Flexibility
index)
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proposed approach, details of which can be seen in the follow-
ing case studies.

Example I: Isothermal CSTR with van der Vusse
reactions

The process model and the zero dynamics for an isothermal
CSTR with the van der Vusse reactions are shown in the
section on strategy of zone segregation. In this study, EBDs are
obtained to select high product quality designs from among
four reactor volumes at three feed concentrations, as a function
of the primary bifurcation parameter, Da.

The players are profitability, flexibility, and product quality.
Note that controllability does not vary significantly from zone
I to zone II and, consequently, is not included. Game theory is
applied with three objectives to: (1) maximize PI (by adjusting
Da from 0 to 5.0), (2) minimize S/Q (by adjusting the reactor
volume, Vd � {0.5, 1, 1.5, 2}), and (3) maximize FI (by
adjusting the concentration of A in the feed, CAf � {7, 10, 13
kmol/m3}). The feasible region within each zone is modified to
satisfy the constraint that the dimensionless concentration of B
exceeds 0.1.

EBDs for four reactor volumes at a particular value of the
feed concentration (CAf � 10 kmol/ m3) are shown in Figure
6a. Similarly, EBDs at Vd � 1 and at the three feed concen-
trations are shown in Figure 6b. The nonminimum-phase be-
havior (RHP eigenvalues of zero dynamics) increases with the
reactor volume, as seen in Figure 6a. However, the impact of
changes in the feed concentration on the nonminimum-phase
behavior is not as significant, as seen in Figure 6b. Locally
optimal designs in each zone are obtained; that is, a total of 24
designs (two for each pair of feed concentration and reactor
volume), which are shown in Table 4. The entries in each cell
of the table are the set {normalized PI (that is, profitability of
a design divided by 10y, where z 
 10y is the maximum
profitability of the designs in the parameter space), S/Q, FI}
plus the primary bifurcation parameter, Da.

To obtain the globally optimal design using game theory,
dominant actions, if any, for each player are identified first. For

the player profitability, the PI in two rows, for zone I and zone
II, at each of the CAf, are compared in Table 4. Clearly, the best
profitabilities are in zone I regardless of the actions of the other
players; thus, zone I is the dominant action for profitability.
Similarly, for the player product quality, S/Q is compared for
the four actions, Vd � {0.5, 1, 1.5, 2} (in the four columns), at
each CAf. Note that smaller values of S/Q are preferred. There-
fore, Vd � 2 is preferred in zone II; but, the preference in zone
I is not observed (S/Q is not defined). Because the dominant
action for profitability is operation in zone I, designs in zone II
are not considered when selecting the global optimum. Thus, it
is important to select one Vd as the dominant action for the
player product quality in zone I. This can be accomplished by:
(1) formulating an alternate S/Q index, such as the LHP eig-
envalues of the zero dynamics, which are smallest for Vd � 0.5,
giving a higher product quality design (thus, Vd � 0.5 is the
dominant action in zone I—which differs from the dominant
action in zone II, Vd � 2); (2) using FI to select the dominant
action among Vd � {0.5, 1, 1.5, 2}, giving Vd � 0.5, which has
the maximum FI; and (3) using a modified S/Q index:

S/Qn � w1

S/Q

max�S/Q�
� w2

FI

max�FI�
, w1 � �1, w2 � 1

(9)

that is, a normalized, weighted index, S/Qn. The latter permits
the selection of the best S/Q index influenced by the trade-offs
in FI, giving Vd � 0.5 as the dominant action for zone I, as well
as zone II (weak dominance).

From the analysis thus far, using option (3) for the S/Q
index, components of the equilibrium in dominant actions
solution are (zone I, Vd � 0.5). Furthermore, for the player
flexibility, FI is compared for CAf � {7, 10, 13 kmol/m3} at
actions for the player’s profitability and product quality equal
to (zone I, Vd � 0.5). As seen in Table 4 and Figure 6b, all of
the indices change far less with CAf than with Da and Vd.
Furthermore, both solutions (zone I, Vd � 0.5, CAf � 10

Figure 5. Summary of zones for three reactors.
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Figure 6. Extended bifurcation diagram and eigenvalues of zero dynamics for isothermal CSTR with van der Vusse
reactions.
(a) Vd varies; (b) CAf varies.

Table 4. Locally Optimal Designs for Example 1*

Product Quality

CAf � 7 Zone Vd � 0.5 Vd � 1.0 Vd � 1.5 Vd � 2.0

Profitability I {0.3, **[0.45], 0.73} {0.3, **[0.17], 0.27} {0.32, **[0.12], 0.2} {0.19, **[0.1], 0.17}
(0.83) (0.42) (0.26) (0.32)

II {0.057, 9.68 [0], 1.61} {0.07, 4.0 [0.1], 0.84} {0.078, 2.04 [0.05], 0.43} {0.082, 1.42 [0.05], 0.33}
(3.0) (1.33) (0.84) (0.61)

CAf � 10 Zone Vd � 0.5 Vd � 1.0 Vd � 1.5 Vd � 2.0

Profitability I {0.32, **[0.38], 0.61} {0.3, **[0.21], 0.33} {0.33, **[0.11], 0.19} {0.20, **[0.09], 0.16}
(0.74) (0.4) (0.24) (0.30)

II {0.09, 4.54 [0.34], 1.3} {0.088, 2.33 [0.13], 0.6} {0.075, 2.07 [0.05], 0.43} {0.08, 1.4 [0.05], 0.32}
(2.12) (1.1) (0.81) (0.59)

CAf � 13 Zone Vd � 0.5 Vd � 1.0 Vd � 1.5 Vd � 2.0

Profitability I {0.31, **[0.37], 0.6} {0.29, **[0.18], 0.29} {0.23, **[0.12], 0.18} {0.2, **[0.09], 0.15}
(0.72) (0.39) (0.33) (0.28)

II {0.084, 4.83 [0.15], 1.04} {0.088, 2.23 [0.1], 0.53} {0.011, 0.96 [0.1], 0.33} {0.078, 1.39 [0], 0.23}
(2.16) (1.05) (0.62) (0.57)

*Entries in each cell: {normalized PI, S/Q [S/Qn], FI}
(Da)

**Not defined.

236 AIChE JournalJanuary 2006 Vol. 52, No. 1



kmol/m3) and (zone I, Vd � 0.5, CAf � 7 kmol/m3) provide
high product quality designs with comparable profits. Note that
a single solution can be obtained using a weighted-sum, mul-
tiobjective function, with weighting factors for PI, S/Qn, and FI
selected by the designer. GAMBIT selects (zone I, Vd � 0.5,
CAf � 7 kmol/m3) as an equilibrium in dominant action solu-
tion when S/Qn is used. This is a globally optimal, high product
quality solution.

Example II: Exothermic CSTR with reactions A 3
B 3 C

This CSTR involves the exothermic reactions A 3 B 3 C
and has jacket dynamics.40,41 Mole balances on A and B, and
energy balances for the reactor and its jacket are, respectively,

dCA

dt
�

Q

V
�CAf � CA� � k1�T�CA (10)

dCB

dt
�

Q

V
�CBf � CB� � k2�T�CB � k1�T�CA (11)

dT

dt
�

Q

V
�Tf � T� � k1�T�CA

���HA�

�Cp
� k2�T�CB

���HB�

�Cp

�
UA

�CpV
�T � Tc� (12)

dTC

dt
�

Qc

Vc
�Tcf � Tc� �

UA

�CpcVc
�T � Tc� (13)

Using the dimensionless parameters and variables in Table 5,
the model in dimensionless form is

dx1

d�
� q� x1f � x1� � x1�1� x3�
 (14)

dx2

d�
� q� x2f � x2� � x1�1� x3�
 � x2
�2� x3�S (15)

dx3

d�
� q� x3f � x3� � �
� x1�1� x3� � �x2S�2� x3��

� �� x4 � x3� (16)

dx4

d�
� �1�qc� x4f � x4� � ��2� x4 � x3�� (17)

Here, the controlled variables are the dimensionless concentra-
tion of B, x2, and the dimensionless jacket temperature, x4, and
the manipulated variables are the dimensionless feed and cool-
ant flow rates, q and qc. The zero dynamics equations are

�̇1 � �
�1��2���x2f � ysp1�
�1 � ��x1f � �1���2��2�Sysp1
 � �1��2�
�1�

ysp1 � x2f
(18)

�̇2 �
� ysp1 � x2f����
��2��2�Sysp1� � �1��2��1� � ��ysp2 � �2��

ysp1 � x2f
�

��2��2�Sysp1
 � �2��2�
�1���2 � x3f�

ysp1 � x2f
(19)

Depending on the heat of reaction, these reactors exhibit
several steady states, both stable and unstable, and the system
may have a RHP zero(s). Analyzing the dimensionless, non-
linear reactor model and its zero dynamics, the eigenvalues of
the Jacobians of the process model and zero dynamics are used

to obtain the EBDs, in which zones I, II, and III are found as
the primary bifurcation parameter (dimensionless feed flow
rate) is varied. Similarly, EBDs are obtained for a reactor–
recycle system, with 20% of the unreacted A in the reactor
effluent recycled. Because the reactor–recycle system is more

Table 5. Dimensionless Variables and Parameters of Example II

x1 �
CA

CAfo
x2 �

CB

CAfo
x3 �

T � Tfo

Tfo
� x4 �

Tc � Tfo

Tfo
�

x1f �
CAf

CAfo
� 1 x2f �

CBf

CAfo
� 0 x3f �

Tf � Tfo

Tfo
� � 0 x4f �

Tcf � Tfo

Tfo
� � �1

�1�x3� � exp
x3

1 �
x3

�

�2�x3� � exp
�x3

1 �
x3

�

� �
Qo

V
t q �

Q

Qo

qc �
Qc

Qo
� �

UA

�CpQo
� 0.78 �1 �

V

Vc
� 10 �2 �

�Cp

�cCpc
� 0.952

S �
k2�Tfo�

k1�Tfo�
� 1.015 
 �

V

Qo
k1�Tfo� � 0.06 � �

��HACAfo�

�CpTfo
� 8 � �

��HB

��HA
� 0.19

� �
E1

RTfo
� 27.85 � �

E2

E1
� 0.32
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complex, having more severe nonlinearities, it often exhibits
zones II and IV as the feed flow rate is varied. It is shown that
nonminimum-phase behavior increases when recycle is added
to the exothermic CSTR. This is consistent with the observa-
tion that recycle introduces nonminimum-phase behavior.42

The players for this game are profitability, controllability,
safety and product quality, and flexibility. Game theory is
applied with four objectives to: (1) maximize PI (by adjusting
the dimensionless, feed flow rate q, from 0 to 3.0), (2) mini-
mize CI (by adjusting the dimensionless, cooling water flow
rate, qc � {0.1, 0.2, 0.3, 0.4}), (3) minimize S/Q (by adjusting
the flow rate of a recycle stream from zero to finite recycle),
and (4) maximize FI (by adjusting CAf, the concentration of A
in the feed, and Tf, the feed temperature).

The feasible region within each zone is modified to satisfy
the constraint that the dimensionless concentration of B, x2,
exceeds 0.5. The locally optimal designs are obtained for all
existing zones, corresponding to the full range of operating
conditions reported in Tables 6 and 7 for the reactor and the
reactor–recycle system, respectively. The entries in each cell of
the table are the set {normalized PI, CI, S/Q [S/Qn], FI} plus
the primary bifurcation parameter, q. The EBDs of the reactor
and reactor–recycle systems, showing the dimensionless con-
centrations of A and B, x1 and x2, at four coolant flow rates are
in Figures 7a–7d and Figures 8a–8d, respectively. For the

reactor system, zones I and II exist for qc � 0.1, and zones I,
II, and III exist for qc � 0.2, 0.3, and 0.4. Similarly, for the
reactor–recycle system, zone II exists for qc � 0.1 and 0.2, and
zones II and IV exist for qc � 0.3 and 0.4.

To obtain the globally optimal solution, locally optimal
designs are compared with emphasis on inherent safety. To
reduce the dimensionality of the optimization, the impact of
small variations in CAf and Tf are assumed to have negligible
impact on the optimal solution, as in Example 1. Consequently,
only one strategy for the player flexibility is considered. Fur-
thermore, S/Qn is used for the player safety and product quality
because it accounts for the trade-offs between FI and S/Q
because q, qc, and the design configuration vary.

From Table 6, for the reactor system, the dominant action for
the player profitability is zone I (normalized PI is maximized
for all controllability actions [qc � {0.1, 0.2, 0.3, 0.4}]).
However, from Table 7, for the reactor–recycle system, the
dominant action for the player profitability is zone IV. For the
player controllability, the preferred action is qc � 0.4 for both
the reactor and reactor–recycle system; that is, CI is minimized
for profitability actions (zone I, . . . , zone IV). Identification of
the dominant strategy for the player safety and product quality
by comparing S/Qn is not straightforward because the zones for
the reactor and reactor–recycle systems differ significantly.
Nevertheless, the existence of zone I for the reactor system,

Figure 7. Extended bifurcation diagram for the reactor in Example II.
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coupled with the existence of zone IV for the reactor–recycle
system, give the reactor system a weak dominance over the
reactor–recycle system. However, for zone II only, S/Qn of the
reactor–recycle system dominates over that for the reactor
system. Thus, for improved safety and flexibility, the designer
may select a reactor–recycle design in zone II. For the other
zones, the reactor system is the dominant action for the player
safety and product quality.

Therefore, when ignoring zone II, the components (zone I, qc �
0.4, reactor system) is the globally optimal solution obtained by
the equilibrium in dominant actions technique. Note that S/Qn has
been used to select the reactor or reactor–recycle design, but has
not been used to select designs having the best S/Qn in a zone. For
zone I, FI and thus S/Qn decrease with qc; thus, the action qc � 0.1
is inherently safer than qc � 0.4. Furthermore, within zone I, when

the player safety and product quality is emphasized, the compo-
nents (zone I, qc � 0.1, reactor system) is the optimal solution,
which also has the maximum PI.

Using S/Qn, GAMBIT gives three profiles (that is, solu-
tions): (1) {zone I, qc � 0.4, reactor system}, (2) {zone IV, qc

� 0.4, reactor–recycle system}, and (3) a solution using the
mixed-strategy Nash equilibrium technique, in which probabil-
ities are assigned by GAMBIT to profiles (1) and (2). Given the
desire to focus on the player safety and product quality, al-
though the PI in zone I of the first profile is less than the PI in
zone IV of the second profile, the second profile cannot be
globally optimal because the player safety and product quality
prefers zone I. Beginning with the first profile of GAMBIT, to
obtain an inherently safer design, S/Qn is searched in zone I,
giving the design at qc � 0.1.

Figure 8. Extended bifurcation diagram for the reactor–recycle system in Example II.

Table 8. Dimensionless Variables and Parameters of the Anaerobic Fermentor

x �
X

Xm
y �

CS

C*S
z �

Cp

C*p
� � t�max

u �
�

�max
d �

D

�max
yo �

CSo

C*So
�1 �

K*S
C*S

� 0.01

�2 �
K*p
C*S

� 0.025 �3 �
KS

C*S
� 0.00014 �1 �

ms

�qS
m � 0.0286 �2 �

mp

�qp
m � 0.0083

�1 �
�max

Ys
m�qS

m � 2.3929 �2 �
Yp

m�max

�qp
m � 0.5583 
1 �

Xm�qS
m

C*S�max
� 0.1306 
2 �

Xm�qp
m

C*S�max
� 0.8955
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Example III: anaerobic fermentor

Bioreactors are known to exhibit oscillatory behavior over a
wide range of operating conditions, which sometimes ad-
versely affects the product quality. Thus, it is often an objective
to eliminate the limit cycle behavior. However, at times it is
desirable to induce and/or stabilize oscillations to increase the
metabolites produced by the cell. Thus, design for stability and
consistency of bioprocesses has become more important con-
sidering tighter regulations on product quality.

In this example, an anaerobic fermentor is designed for high
product quality. A continuous culture of K. pneumoniae is
grown on glycerol.43 The fermentation products are ethanol,
acetic acid, and 1,3-propanediol, with 1,3-propanediol being
the main product. At high concentrations, the latter, as well as
the glycerol substrate, may exert feedback inhibition on the
growth of the cells. This process exhibits characteristics of
metabolic overflow, in which high extracellular substrate con-
centrations lead to an excessive uptake of intermediate metab-
olite(s). The latter strongly affect the dynamic behavior of the
cells, often exhibiting sustained oscillations and steady-state
multiplicity. Cell, substrate, and product mass balances are,
respectively,

dX

dt
� X�� � D� (20)

dCs

dt
� D�Cso � Cs� � Xqs (21)

dCp

dt
� Xqp � DCp (22)

where

� � �max

Cs

Cs � Ks
�1 �

Cs

C*s
��1 �

Cp

C*p
� (23)

qs � ms �
�

Ys
m � �qs

m
Cs

Cs � K*s
(24)

qp � mp � YP
m� � �qp

m
Cs

Cs � K*p
(25)

Note that Eqs. 23–25 describe the specific growth rate of the
cells, the specific substrate consumption rate, and the specific
growth rate of the product. Using the dimensionless variables
and parameters in Table 8, the model becomes

dx

d�
� x�u � d� (26)

d y

d�
� d� yo � y� � x
1��1 � �1u �

y

y � �1
� (27)
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dz

d�
� x
2��2 � �2u �

y

y � �2
� � zd (28)

u �
y

y � �3
�1 � y��1 � z� (29)

Here, the controlled variables are the dimensionless cell and
substrate concentrations, x and y, and the manipulated variables
are the dimensionless dilution rate, d, and the substrate feed
concentration, yo, respectively. The zero dynamics are

�̇1 �
ysp1ysp2
2

ysp2 � �2
� ysp1�2
2 �

ysp2

ysp2 � �3
� ysp1�2
2

� ysp1ysp2�2
2 � �1 � ysp2�1� �
ysp2

ysp2 � �3
� ysp1ysp2�2
2�1

� ysp1�2
2�1 � ��1�
2 � ysp2��1�

2� (30)

By analyzing the dimensionless, anaerobic fermentor model,
the eigenvalues of the Jacobian of the process model and its
zero dynamics are used to obtain the EBDs. Zones I, II, III, and

Figure 9. Extended bifurcation diagram for the anaerobic fermentor.
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IV appear as the primary bifurcation parameter (dimensionless,
substrate feed concentration, yo) is varied. The players for this
game are the profitability, controllability, product quality, and
flexibility. Game theory is applied with four objectives to: (1)
maximize PI (by adjusting the dimensionless, substrate feed
concentration, yo, from 0 to 1), (2) minimize CI (by adjusting
the dimensionless dilution rate, d � {0.1, 0.2, 0.3, 0.4, 0.5}),
(3) minimize S/Q, and (4) maximize FI (by adjusting �max, the
maximum specific-growth rate).

The feasible region within each zone is modified to satisfy
the constraint that the dimensionless concentration of the prod-
uct exceeds 0.4. The locally optimal designs, obtained for all
existing zones, are reported in Table 9 for the fermentor. The
entries in each cell of the table are the set {normalized PI, CI,
S/Q [S/Qn], FI} plus the primary bifurcation parameter, yo. The
EBDs of the fermentor, showing the dimensionless product
concentrations, are in Figure 9 at five dimensionless dilution
rates. Zones I, II, and IV exist for d � 0.1, 0.2, and 0.3, and
zones I and III exist for d � 0.4 and 0.5.

To obtain the globally optimal solution using game theory,
PI and CI are initially used to find dominant actions for the
players profitability and controllability. Then S/Qn is used to
locate the higher product quality design among the solutions
preferred by these players. From Table 9, the dominant action
for the player profitability is toward higher zone numbers; that
is, for d � 0.1, 0.2, and 0.3; zone IV is the dominant action and
for d � 0.4 and 0.5; zone III is the dominant action. Similarly,
the dominant action for the player controllability is d � 0.1 for
zones II and IV. However, in zone I, CI does not follow any
particular sequence. Furthermore, in zones I, III, and IV, CI
values are very high and, consequently, are not considered.
Therefore (zone II, d � 0.1) becomes one of the possible
solutions. Furthermore, S/Qn decreases with d and, conse-
quently, the latter is a higher quality design as well. From Table
9, it is still possible to achieve significant improvement in PI
with marginal reductions in CI and S/Qn with the design (zone
II, d � 0.3).

When the actions for the player’s profitability and control-
lability are exchanged, the same locally optimal designs are
obtained in different order. Clearly, zone II is the dominant
action for the player controllability. The dominant action for
the player profitability is toward higher d; that is, d � 0.5 is the
dominant action for the player profitability in zones I and III,
and d � 0.3 is the dominant action in zones II and IV. From
this formulation (d � 0.3, zone II) is the equilibrium in dom-
inant action solution. Furthermore, within zone II, both S/Qn

and CI support d � 0.1. Thus, there are trade-offs between
(zone II, d � 0.1) and (zone II, d � 0.3) and a mixed-strategy
Nash equilibrium is obtained for these two locally optimal
designs. Considering that profitability for (zone II, d � 0.1) is
much smaller than that for the other locally optimal designs in
Table 9, and S/Qn is reasonably good for (zone II, d � 0.3), the
latter is the globally optimal, high product quality design.
These results are also obtained by GAMBIT.

Conclusions

This article presents a novel multiobjective optimization
method for designing processes that are inherently safe and/or
have high product quality. Extended bifurcation diagrams
(EBDs) are introduced to analyze nonlinear processes (having

unstable steady states and/or nonminimum-phase behavior).
The dynamics and nonminimum-phase behavior are well sum-
marized using four zones in the parameter space. Game theory
is used to identify the globally optimal zone by accounting for
trade-offs between the four players: profitability, controllabil-
ity, safety and/or product quality, and flexibility. This results in
inherently safer designs, having higher product quality. Stated
differently, the operating zones provide a compact representa-
tion of the extensive results from bifurcation analysis. Three
reactors, having increasing complexity, are optimized to dem-
onstrate the method.

This method can be applied and extended for more complex
reaction systems, such as those that occur in polymerization
reactors30 and for distributed parameter systems. Using CFD
software, such as FEMLAB and FLUENT, the impact of mix-
ing on the inherent safety of stirred-tank reactors can be ex-
plored.
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Notation
Acronyms

AUTO � software for continuation and bifurcation analysis of differ-
ential equations

CFD � computational fluidic dynamics
CSTR � continuous stirred-tank reactor

EBD � extended bifurcation diagram
GAMBIT � software to solve problems using game theory

ISD � inherently safer design
LHP � left-half plane
LHS � left-hand side
NA � not applicable
PID � proportional–integral–derivative

RHP � right-half plane
RHS � right-hand side

Notation: General

CI � controllability index
FI � flexibility index

FIL � left-hand side flexibility
FIR � right-hand side flexibility
PI � profitability index

S/Q � safety and/or product quality index
S/Qn � normalized safety and/or product quality index; see Eq. 9

Notation: Isothermal CSTR with van der Vusse
reactions

CA, CB � concentration of species A and B, kmol/m3

CAf � feed concentration of species A, kmol/m3

Da � Damköhler number
F � volumetric feed flow rate, m3/s

k1, k2, k3 � rate constant of first, second, and third reaction, s�1, s�1, m3

kmol�1 s�1

t � time, s
V � reactor volume, m3

Vd � dimensionless reactor volume; see Table 2
Vo � reference reactor volume, m3

x1 � conversion of species A
x2 � dimensionless concentration of species B; see Table 2

ysp1 � set point for the controlled variable 1, x2
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Greek: Isothermal CSTR with van der Vusse reactions

� � dimensionless constant; see Table 2
� � ratio of second to first reaction rate constant; see Table 2

�i � ith variable of zero dynamics equation
� � dimensionless time

Notation: Exothermic CSTR with reactions A 3 B 3 C

A � heat transfer area, m2

A1, A2 � Arrhenius preexponential factor for first and second reaction,
s�1

CA, CB � concentration of species A and B, kmol/m3

CAf, CBf � feed concentration of species A and B, kmol/m3

Cp, Cpc � heat capacity of reaction mixture and coolant, kJ kmol�1

K�1

Da � Damköhler number
E1, E2 � activation energy of first and second reaction, kJ/kmol
k1, k2 � rate constant of first and second reaction, s�1

Q � volumetric feed flow rate, m3/s
q � dimensionless volumetric feed flow rate

Qc � cooling-medium, volumetric flow rate, m3/s
qc � dimensionless, cooling-medium, volumetric flow rate; see

Table 5
R � universal gas constant, kJ kmol�1 K�1

S � ratio of rate constants; see Table 5
t � time, s

T, Tc � temperature of reactor and coolant, K
Tcf � cooling medium feed temperature, K
Tf � feed temperature, K

Tfo � reference temperature of the feed stream, K
U � heat-transfer coefficient, kJ m�1 s�1 K�1

V � reactor volume, m3

Vc � cooling jacket volume, m3

w � weighting factor for safety and/or product quality index
x1, x2 � dimensionless concentration of species A and B; see Table 5

x1f, x2f � dimensionless feed concentration of species A and B; see
Table 5

x3, x4 � dimensionless temperature of reactor and coolant; see Table
5

x3f � dimensionless, reactor feed temperature; see Table 5
x4f � dimensionless, coolant feed temperature; see Table 5

ysp1, ysp2 � set point values for controlled variables 1 and 2, x
2

and x4

Greek letters: Exothermic CSTR with reactions
A 3 B 3 C

� � heat of reaction ratio; see Table 5
� � dimensionless heat of reaction (A 3 B); see Table 5
� � dimensionless heat-transfer coefficient; see Table 5

�1 � ratio of reactor to coolant volume; see Table 5
�2 � ratio of reacting mixture to coolant specific-heat capacities;

see Table 5
� � reaction mixture density, kg/m3

�c � coolant density, kg/m3


 � Damköhler number at constant volume
� � ratio of second to first reaction activation energy; see Table

5
�1 � dimensionless Arrhenius exponential factor (first reaction);

see Table 5
�2 � dimensionless Arrhenius exponential factor (second reac-

tion); see Table 5
�i � ith variable of zero dynamics equations

�HA � heat of reaction of the first reaction (A 3 B), kJ/kmol
�HB � heat of reaction of the second reaction (B 3 C), kJ/kmol

� � dimensionless time; see Table 5

Notation: Anaerobic fermentor

Cp � product concentration, mol/m3

C*
p � maximal product concentration, mol/m3

Cs, Cso � substrate concentration in reactor and feed medium, mol/m3

C*
s � maximum residual substrate concentration, mol/m3

D � dilution rate, s�1

d � dimensionless dilution rate; see Table 8
Ks � Monod saturation constant, mol/m3

K*S, K*
p � saturation constants for substrate and product in kinetic equa-

tions with excess terms, mol/m3

ms, mp � maintenance terms of substrate consumption and product
formation under substrate-limited conditions, mol kg�1 s�1

qs, qp � specific rates of substrate consumption and product forma-
tion under substrate-limited conditions, mol kg�1 s�1

�qS
m,

�qp
m � maximum increment of substrate consumption rate and prod-

uct formation rate under substrate-sufficient conditions, mol
kg�1 s�1

t � time, s
u � dimensionless specific growth rate; see Table 8

X, Xm � biomass and an arbitrary reference biomass concentration,
kg/m3

x � dimensionless biomass concentration; see Table 8
YS

m, Yp
m � maximum growth yield and product yield, mol/kg

y, yo � dimensionless substrate concentration in reactor and feed
medium; see Table 8

ysp1, ysp2 � set point values for controlled variables 1 and 2, x and y
z � dimensionless product concentration; see Table 8

Greek: Anaerobic fermentor

�1, �2, �3 � dimensionless saturation constants; see Table 8
�1, �2 � dimensionless maintenance requirements of substrate con-

sumption and product formation under substrate-limited con-
ditions; see Table 8


1, 
2 � dimensionless maximum increment of substrate uptake rate
and product formation rate under substrate-sufficient condi-
tions; see Table 8

�1, �2 � dimensionless maximum growth yield and product yield
	 � eigenvalues

�1 � variable of zero dynamics equation
�, �max � specific and maximum growth rates, s�1

� � dimensionless time; see Table 8
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Appendix A: Examples of Games with Varying
Complexities

Three examples are provided to illustrate aspects of game
theory for simultaneous move games (all players make a move
at the same time) and noncooperative games [each player tries
to optimize its objective function (payoff), ignoring the objec-
tive function of the other players]. For a more complete treat-
ment, see Games of Strategy.23

Example 1: Equilibrium in dominant actions

In this section, a simple three-player game is solved to
clarify some of the basic concepts of game theory. Three
players, P1, P2, and P3, have to select from their actions/
strategies, {P1S1, P1S2}, {P2S1, P2S2}, and {P3S1, P3S2}, re-
spectively. An outcome for each player (that is, a measure of
overall worth) is estimated for its action/strategy against the
actions/strategies of all of the remaining players. The goal is to
determine the best actions/strategies for each player by com-
paring the outcomes (payoffs), leading to an equilibrium (op-
timal) solution. To find the equilibrium, game Table A1 [(a)
and (b)] shows outcomes for all of the possible combinations,
selected to illustrate an equilibrium in dominant actions solu-
tion.

The table has two rows for P1’s two strategies, two columns
for P2’s two strategies, and two pages for P3’s two strategies
[(a) and (b)]. In each cell, payoffs (outcomes) are listed for the
row player first, the column player second, and the page player
third; that is, P1, P2, and P3. To find the equilibrium solution,
a dominant strategy is sought for one or more of the players;
that is, a strategy that outperforms the other strategies, regard-
less of the actions of the opposing players.

For P1, the two rows of both pages of the table are com-
pared. When P3 chooses P3S1, P1 always prefers P1S2 (6 � 2,
4 � 3) and when P3 chooses P3S2, P1 always prefers P1S2 (4 �
3, 5 �1). Thus, the dominant strategy for P1 is P1S2 regardless
of the actions of the other players. Similarly, for P2, the two
columns of both pages of the table are compared. P2’s domi-
nant strategies in both pages of the table are P2S2 (prefers P2S2

{6 � 2, 4 � 3} when P3 chooses P3S1, and prefers P2S2 {4 �
3, 5 � 1} when P3 chooses P3S2). To check whether P3 has a
dominant strategy, careful evaluation is needed because out-
comes that keep P1 and P2’s behavior constant needs to be
compared. Each cell across the pages of the table, for example,
the top left cell in the first page (on the left) is compared with
the top left cell in the second page (on the right), and so on.

Table A1. Game Table for Example 1 in Appendix A

(a)

P3 Chooses: P3S1
P2

P2S1 P2S2

P1 P1S1 2, 2, 2 3, 6, 3

P1S2 6, 3, 3 4, 4, 1

(b)

P3 Chooses: P3S2

P2

P2S1 P2S2

P1 P1S1 3, 3, 6 1, 4, 4

P1S2 4, 1, 4 5, 5, 5
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P3’s dominant strategy is P3S2. Therefore, the equilibrium
solution, (5, 5, 5) in this case, corresponds to (P1S2, P2S2,
P3S2). This outcome is an equilibrium (optimal solution) in
dominant actions. However, occasionally, a pareto-optimal so-
lution exists when all of the players prefer a solution other than
the equilibrium in dominant actions. Thus, equilibrium solu-
tions using game theory must be checked carefully.

Example 2: Nash equilibrium (pure strategy)

Consider the game table shown in Table A2. In this game,
there is no dominant action for either of the players. When P2
selects P2S1, P1 prefers P1S1, and when P2 selects P2S2, P1
prefers P1S2. Thus, there is no dominant action for P1. Simi-
larly, there is no dominant action for P2. In these situations, a
Nash equilibrium is sought. An outcome is a Nash equilibrium
when no player finds it beneficial to deviate from its strategy
when all of the other players do not deviate from their strate-
gies. Therefore, the outcome (2, 1) and (1, 2) is a Nash
equilibrium. Equilibrium in dominant action is a Nash equilib-
rium, although the converse is not true. There is only one
equilibrium in dominant action, but there can be multiple Nash
equilibria.

Example 3: Mixed-strategy Nash equilibrium

Consider the game table shown in Table A3. In this example,
there is neither equilibrium in dominant actions nor pure-
strategy Nash equilibrium. For game tables like this, equilibria
are sought through mixed-strategy Nash equilibrium. In a pure-
strategy Nash equilibrium, a nonrandom strategy is used by
every player, whereas in a mixed strategy, a move is chosen
randomly from the set of pure strategies with assigned proba-
bilities. In mixed strategies, rules cause players to use each of
their pure strategies a fraction of the time, as defined by the
probabilities. Mixed-strategy equilibrium can often be the out-
come of a game that has no equilibrium in pure strategies, or
when a game has many equilibria in pure strategies.

Assume that P1 chooses P1S1 with probability pp and P1S2

with probability (1 � pp). Similarly, P2 plays P2S1 with
probability qq and P2S2 with probability (1 � qq). P1’s ex-
pected payoff when P2 chooses P2S1 is equal to 1 [�1 
 pp 	
1 
 (1 � pp)] and for P2S2 it is also equal to 1 [�1 
 pp 	
1 
 (1 � pp)]. This indicates that P1 does not have any
preference. The expected payoff for P2 when P1 chooses P1S1

is 4 
 qq 	 0 
 (1 � qq), and when P1 chooses P1S2, it is 0 

qq 	 3 
 (1 � qq). The value of qq is obtained by equating
these two payoffs; that is, 4qq � 3(1 � qq), which gives qq �
3/7. Thus, there is a mixed-strategy Nash equilibrium having
probabilities 3/7 and 4/7 for P2S1 and P2S2, respectively. An-
other extension of this game occurs when P1 also has a pref-
erence, in which case probabilities are assigned to the strategies
of both players. Depending on the nature of the game table,
there could be many extensions to the solutions obtained for a
particular game, as the problem becomes more complex. Note
that it is always possible to find a mixed-strategy solution for
a finite game table.

Appendix B: Algorithm to Obtain the Global
Optimum for a Process

(1) Obtain a mathematical model of the process.
(2) Compute stable and unstable branches using AUTO.
(3) Carry out zero-dynamics analysis to classify designs as

minimum- or nonminimum phase.
(4) Prepare an extended bifurcation diagram by classifying

designs into one of the four zones in Table 1.
(5) Obtain feasible zones by applying constraints and deter-

mine the locally optimal design in each feasible zone by
maximizing FI. Record PI, CI, and S/Q, along with FI, for each
locally optimal design.

(6) Define the game; that is, the players, strategies, and
payoffs (objectives).

(7) For each strategy (that is, process redesign or reconfigu-
ration), prepare an extended bifurcation diagram by repeating
steps (1)–(4). Then, obtain locally optimal designs for each
zone, as in step (5).

(8) For all zones obtained through process redesigns and
reconfigurations, prepare the game table with locally optimal
designs, displaying values for PI, CI, S/Q, and FI.

(9) Apply game theory solution techniques to obtain the
global optimum (equilibrium of the game) from all the locally
optimal designs reported in the game table.

(10) Depending on the types of solution obtained in step (9),
identify one or more globally optimal designs. Finally, assign
more importance to one objective over the others, to obtain a
globally optimal solution.

Manuscript received Jan. 17, 2005, and revision received Jun. 17, 2005.

Table A2. Game Table for Example 2 in Appendix A

P2

P2S1 P2S2

P1 P1S1 2,1 0,0

P1S2 0,0 1,2

Table A3. Game Table for Example 3 in Appendix A

P2

P2S1 P2S2

P1 P1S1 1, 4 1, 0

P1S2 1, 0 1, 3
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